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ABSTRACT : The existence of positive solutions is considered for a fractional ^-difference equation with 
p-Laplacian operator in this article. By employing the Avery-Henderson fixed point theorem, a new result is 
obtained for the boundary value problems. 
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I. INTRODUCTION 

Fractional calculus is the extension of integer order calculus to arbitrary order calculus. With the 
development of fractional calculus, fractional differential equations have wide applications in the modeling of 
different physical and natural science fields, such as fluid mechanics, chemistry, control system, heat conduction, 
etc. There are many papers concerning fractional differential equations with the p-Laplacian operator [1-5] and 
fractional differential equations with integral boundary conditions [6-10], 

In [11], Yang studied the following fractional ^-difference boundary value problem with p-Laplacian 
operator 

c d;(</> p CD“xm = f(t,u(t )),0 < t < 1,2 < a < 3, 

40) = 41) = 0, c D a q x{\) = c D a q x{ 0) = 0, 

where 1 < a, f3 < 2. The existence results for the above boundary value problem were obtained by using the 
upper and lower solutions method associates with the Schauder fixed point theorem. 

In [12], Yuan and Yang considered a class of four-point boundary value problems of fractional 
(/-difference equations with p-Laplacian operator 

Dq(0 P (D“x(t)j) = f(t,u(t)), 0 < t < 1,2 < a < 3, 

40) = 0,41) = axf, rrx(O) = 0, D“x( l) = bDfx(? 7), 

Where Djf D"are the fractional (/-derivative of the Riemann-Liouville type with 1 < a, [5 < 2. By applying the 
upper and lower solutions method associated with the Schauder fixed point theorem, the existence results of at 
least one positive solution for the above fractional ^-difference boundary value problem with p-Laplacian 
operator are established. 

Motivated by the aforementioned work, this work discusses the existence of positive solutions for this 
fractional ^-difference equation: 
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D^M C Dl 0 Mt))] + f(tMt)) = 0,te(0,l), 

WK«um = = ^>a)>=o, (L1) 

<D >(°)=V M(1) = 0 ’ 

au(0) + bD^ Q+ u( 0) = J g(t)u(t)d q t, 

where 2<a < 3, 2</?<3, and 5<a + jB<6. <f> p (u) = |w| P " u, p> 1. '°“ 0 is the Caputo fractional 

(/-derivative, T> q() . is the Riemann-Liouville fractional (/-derivative. 

We will always suppose the following conditions are satisfied: 

(tf I )*(0:[0,l]->[0,-K») With g(t) eL'[0,l], \[g(f)d q t > 0, and > 0; 

(H 2 ) a,b e (0,+co), a>^g(t)d q t and b > a; 

(H 3 ) f(t, u): [0,1] x (0, +oo) — > (0, +co) is continuous. 


II. BACKGROUND AND DEFINITIONS 

To show the main result of this work, we give in the following some basic definitions and theorems, which 
can be found in [13,14]. 

Definition 2.1 [13] Let a>0 and f be a function defined on [0,1]. The fractional q-integral of 
Riemann-Liouville type is (7° o+ /)(f) = f(t) and 


-/ (s)d q s, a>0,t e [ 0 , 1 ], 


Lemma 2.2 [13] Let CC > 0, then the following equality holds: 


^r 9 (*+i) 


Lemma 2.3 [14 ]Let CC > 0, If D a e C[0,1], then 

kV D rf^ (,)= ^ ,)+ 

i=l 

where n = [or] + l. 


Theorem 2.4 (Avery-Henderson fixed point theorem [15]) Let (E’,||-||) be a Banach space, andP <^E be a 
cone. Let \j/ and (p be increasing non-negative, continuous functionals on P, and CO be a non-negative 
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continuous functionals on P with a>(0) = 0. such that, for some t\ > Oand M > 0, (pin) < oAu) < t//(li), 
and ||u|| < Mtp(u), for all UGp(tp,r 3 ), where p(tp,rf) = {u eP \(p{u)<r 3 }. Suppose that there exist 
positive numbers r x < r 0 < r 3 , such that 

co(lu) < lco(u) for 0 < / < 1, and u e dP(co,r 2 ). 

If T : p(<p,r 3 )-p-P is a completely continuous operator satisfying: 

(C, ) tp(Tu ) > r 3 for all u e 8P(co, r 3 ); 

(C 2 ) tp(Tu) < r 2 for all u <EdP(co,r 2 ); 

(C 3 ) P(\p, rf)A(j), and y/(Tu) > f for all u e 8P(l//, rf), 

then T has at least two fixed points U x and U-, such that r { < lf/(u t ) with CO(uf)<r 2 and 
r 2 < oj(u 2 ) with <p(u 2 ) < r 3 . 


III. PRELIMINARY LEMMAS 

Lemma 3.1 The boundary value problem (1.1) is equivalent to the following equation: 

1 r* 

u(t) = d n + df 4-( t-qsY a 1) v(s)d s, 

r,(«) Jo 


where 


d I, = 


[« —J 0 g(t)d q t]T q (a) 


Jo gO)J 0 (t - qsf a l) v{s)d q sd q t 


d l = — 


[*-J \tg(t)d q t] 
[a-^g(t)d q t]T q (a- 1) 

' J(1 -qsf a ~ 2) v(s)d q s. 


Jo a -qs) (a - 2) v(s)d q s. 


r,(a-l) 


(3.1) 


(3.2) 


(3.3) 


vO) = <f> q I J () H(s, qr)f(r, u(r))d q r I, 


(3.4) 


H(s,t) = 


1 [(s(l-r)) (/?_1) -(s-r) </?_1) , 


TAP) Us(\-T)f-'\ 


0 < T < S < 1, 
0< j<r<l. 


, I iq-2 I + I = 1 

(i> q {s ) is the inverse function of </> p (s), a.e., $j(s) = |s| s ’ p q 


(3.5) 
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Proof From D p {y \(f> p ( c D a (f u(t))] + f(l,u(t)) = 0, we get 


= ~ r 1 } Q (t - qrf^fiT, u(r))d q T + c/" 1 + c/~ 2 + c 3 f 

view of <f> p ( c D" ff u(0)) = \(f> p ( c D'* {f u(G))\ = 0, we get c 2 =c 3 =0, i.e., 


In 


/ 8-3 


= “FTm Jo f(T,u(T))d q T + c/' '. 


Conditions <f> p (fD“ {y u(\)) = 0 imply that 
1 r 1 


c, =-- 


-J o a-^ V(r,M(r)H 


r. 


1 r,(^)- 

By use of (3.6) and (3.7), we get 

</> p ( c D“ (y u(t)) = I' H (t, qr)f( r, u(r))d q T. 
In view of (3.8), we obtain 

0 , u(t) = </> q (£ H (t, qr)f(j, u{z))d q 


Let 


by use of (3.9), we get 

1 r< 


v(t) = <f> q lj o H(t,qT)f(T,u(T))d q A 


u(t) = -f ( t-qs) (a 1) v(s)d s + d 0 +d 1 t+d 2 t 2 . 

r,(«) Jo 

Conditions D 2 fy u(0) = 0 imply that d 2 — 0, i.e., 
lr' 

u{t) = —J q (? - qsf a 1) v(s)d q s + d 0 +d x t, 


r,(a)- 


then we have 


u(t) = 1 f it - qs) (a 2) v(s)d s + d v 

r ? («-l) Jo 

Conditions Q u( 1) = 0 imply that 

q, 0 + V ' 

d. =---f (1 - qs'f a ~ 2) v{s)d s. 

1 r / i\ Jo v 1 i 


r («-!)■ 


From 


au(0) +bD^ Q+ i<(0) = J g(t)u(t)d q t, we get 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


d 0 ~ 


[ fl -Jo Sit)d q t]T q {a) 


Igiflit-qsr l) v(s)d q sd q t 


+ 


[b~\ 0 tg(t)d q t] 

[a -l 8 (t)d q tW q (a-l) 


\\\-qs) ia - 2) v(s)d q s. 


Therefore, we can obtain 
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I rt 

u(t) = d 0 + df + \ (t-qsy a V( s)d s 

r (rz \ JO * 


r» 


[o-j o g(0</]r,(«) 


L gW L a_ ^ )<a v(s)d q sd q t 


+ 


[b-\\g(f)d q t] , 

-7T-| n (l-^) v(s)d q s 

[a-\g(t)d q t]T q (a-l) J0 


1 -f 2) v(s)d s +—-—f ( t-qs) {a 1) v(s)d s. 

_1 \ Jo q r (rr\ Jo 1 ? 


1 r'. 


r («-D 


r,(«)' 


The proof is complete. 


Lemma 3.2 ([16]) The function H(s,r) defined by (3.5) is continuous on [0,l]x[0,l] and satisfy 

,'»(l-»)r(l-r)<''-" , , r(l-r)’'’- 1 ' for s , re[0 ,l]. 

r.//i) ’ r//; 0 

Let E be the real Banach space C[0,1] with the maximum norm, define the operator T \E^>E by 


1 r t 

Tu(t) = d Q + d { t H- (t - qs) (a ~ l) v(s)d s 

V (rz\ Jo q 


r («) 


[a-\ o g(t)d q nT q (a) 


JoJo (l - d^ a ~ l)v i.s)d q sd q t 


+ 


[a-| 0 g(t)d q t\T q {a-\) 


J 0 (l -qs) (a 2) v(s)d q s 


t r 1 


\'(\-qsj a 2) v(s)ds + ] \\t-qsy a l) v(s)d s. 

•'ll ^ I i /V 1 *o n 


r (a-l) 


r («)■ 


Lemma 3.3 for «eC[0,l] with u(t) > 0. ( Tuft) is non-increasing and non-negative. 
Proof Since 

1 r 


so we get 


i rt 

Tu(t) = d 0 + df H- (t-qsy a ~ l) v(s)d s, 

T q (a) Jo 

(Tu) (t) = d l +—1— \‘ o (t-qs) (a ~ 2) v(s)d q s 


r,(a-D- 

1 r> 


r q (a- 1) 


J o (l-^) ( “ 2) v(s)d q s 


+ - 


1 r 


r,(«-!) 


2) v(s)d q s 


< 0 . 


So (Tu f t) is non-increasing, then we have minTw(f) = 7 m( 1). We have 


<E[0,1] 


r«(i) = d 0 + d x + f— f (l - 

r,(«) Jo 
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[a-^g{t)d q t]T q (a) 


I * ^.fo~ qsY a ~ 1) v(s)d q sd q t 


+ 


\b-\ tg(f)d t\ fl 

- -A -i-f (1 - qsr~ 2) v(s)d q s 

[a-\ o g(t)d q t]T q (a-Y , J0 


1 -f v v(s)d s + —-—f (\-qs) la 1) v(s)d s 

_lVo 1 i y (a)-” 0 q 


r.(a-l) 


1 


[a-\ 0 g(t)d q t\T q (a) 


\ a S(t)\ Q (t - qs) {a 1) v(s)d q sd q t 


{a-\ Q g{t)d q tV q {cc-V> Jo 

1 


r,(a) 

> 0 . 

The proof is complete. □ 

IV. MAIN RESULTS 

Theorem 4.1 Suppose that there exist numbers 0 < r { < r 2 < r 3 such that f satisfies the following 
conditions: 

(H^ f(t,u)>M 3 , for t g [0,1], ue[r 3 ,^-]; 

k 

(H 2 ) f (t,u) < M 2 ,for t e [0,1], «e[0,r 2 ]; 


(H 3 ) f(t,u)>M 1 ,for t e[0,l], u e[0,rj, 

where 


M 3 = 


r (/?) 


( v 


qBA2,P) 


A 






qB(2,P) 


p \p -1 


v A y 


A = 


A = 


b — a 


M 


r ,(/*) 


1 qB (2, fi) 


f V 


vA y 


[a-j'gCOaf/ir/a) A/a + 1) 

j 0 ’gAH/ 




A 


[a - j 0 gOH/JA/a + 1) [a - £ g(t)d q t]T q (a) 
b-[tg(t)d q i 


[a-\ o g{t)d q t]Y q (a) 


fy-^r v 
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Then the problem (1.1) has at least two positive solutions U x and U-, such that r f < l//(u ] ) with 

Oj(u ] )<r 1 and r 2 < CO(li 2 ) with (p{ll 2 ) < f. 

Proof Define the cone P cz E by 


P = lu\u g E, mina(f) > k \\u\\,t e [0,1] , 

re[0,l] 11 11 


where 


k = 


[b “ Jo teWdqt] -[a- £ g(t)d q t\ 


0<k<\. 


For any i/eP, in view of Lemma 3.3, we get 


min|7w(Y)| = |7 m(1)| = d 0 + d l 4--—J (l-^) (a 1) v(s)d q s 

feto.n Y (ct) 0 


fe[0,l] 


[a-^g{t)d q t]Y q {a) 


+ 


\b-^tg(t)d r t\ 


1) v(s)d q sd q t 


-j 1 Q (l-qsf a - 2) v(s)d q s 


[a-£ g(t)d q t]Y q (a-l)' 

‘ f (1 - qs) (a ~ 2, v(s)d s + 1 f 1 (1 - qs) (a ^v(s)d s 

jo r (a) Jo 


r (a-l) 


> 


\_a-^g(t)d q t]T q (a) 


Jo g( ^j 0 ^ “ qS ^ a ' )v ^ d c, sd j 


+ 


>k\ 


[fr-f Jg(t)d t]-[a- f g(t)d t] j 
—-Jo-f_ r (1 _ qs f-» v(s)ds 

[a-\ o g(t)d q t]Y q (a-l) 

Jo 8 ^ ) Jo ^ ~ V ^ d q Sd q 


+ - 


£(l-^) ( “ 2) v(s)d q s 


[a-j Q g(t)d q t]Y q (a)' 

[fc-Jo tg(t) d q t\ 

[a-^g(t)d q t]Y q (a-l) 

= kTu(O) = k\\Tu\\. 

Therefore, T : P —> P . In view of the Arzela-Ascoli theorem, we have T :P —> P is completely continuous. 
We define the functions on the cone P: 


tpiit ) = min \u(t)\ = «(1), 

re[0,l] 1 


co{u) = max \u(t)\ = u( 0), 

f£[0,l] ' ' 


u/(u) = max n(f) = n(0). 

fe[0,l] 

Obviously, we have <y(0) = 0, (p(u) < oXu) < y/(u). 
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For any u<Ep(<p,r 3 ), we get rmnu{t)>km , that is, tp{u) > k |u|, therefore we obtain|| m||<-^(m) 


fe[0,l] 


For any u e dP(co,r 2 ), we get co(lu) = lco{u) for 0</<l. 


In the following, we prove that the conditions of Theorem 2.1 hold. 

V 

Firstly, let u e dP(a),r 3 ), thatis, u e | r 3 , —] foi' t e (0,11. By means of (Hf), we have 


v(s) = (t> q (j: H(s,qz)f(j,u(z))d q 


> t 


J » r (fi) 


where B 


= ' M 3 s p -\\-s)gB cj (2,J3) T 1 

{ i r,(# J ’ 

,(2, J3) = £ r(l - qzf^ l) d q z. So we get 


1 r 1 

tp(Tu) = min|7M(f)| =Tu( 1) = d Q +d l ■+-J o (l-^5 , ) ( “ _1) v(5)J c/ 5' 


re[0.11 


r {ay 


l)v ^ d q sd q t 


[a-^g(t)d q t]T q (a) 

+ \y qs r-^ q s 

[« — J 0 g(t)d q t]T q (a-l) 


r fl (a-l) 


— J o (1 - qsr~ 2) v{s)d q s + j o (1 - qsr~ i) v{s)d q s 


> 


[b - f tg(t)d t] -[a- \ g(t)d t] , 

— k - - (1 - q^) a 2 v(s)d q s 

[a-\ o g{t)d q t] T q (a-l) 


+ F7 


jV^) 


r>) Jo 

b-a 


(a-2) 


[a-Jo g(t)d q t]T q (a-l) 


M y s p ' (1 - s)qB q (2, fi) 




d q s 


1 fl 


(a-1) 


f M 3 s p -'(\-s)qB q (2,/3) 


r,(a) 


\9- 




b-a 


[ a -\ Q g(f)d q tJ' q ( a ) 


M 3 qB( 2,P) 


q v 




1 

r ,<# y 




i 


r (a + l) 


M 3 qB q (2,j3) 


\q- 


V 


r M 3 qB q (2,/3) ^' 

v r ^> y 


r a (/?) 




Z 9= / 3- 
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Secondly, let u e dP((D,r 2 ), that is, i/e[0,r n ] for t e[0,1]. By means of ( H 2 ), we get 


v(s) = <t> q |£ H(s, qr)f (r, u(r))d q z^ 


< 



qT{\-qT) KP 11 



' M 2 gB q (2,fi) J 

{ r,(^-D J 


So we have 


co{Tu) = max \Tu(t)\ = Tu( 0) = d. 

rs[0,l] 1 1 


[a-^g(t)d q t]T q (a) 
\b~\ Q tg{t)d q t] 

[i a-^g{t)d q t]T q {a-\) 


l ^ ~ V ^ d q Sd q 


^(\-qsj a 2) v(s)d q s 


{a-\ 0 g(t) d q tj' q (a) 




f M 2 qB ci (2,j3) yH 

V r q (fi~ V > y 


dqSdf 


+ 


[b-\\gW q t] f i„ M 2 qB q {l,P) y ~ l 


[a-^g(t)d q t]T q (a-l) 




2^ g 

V y 


ds 


< 


\ l 0 sit)d q 


V a -\ 0 g(t)d q t]T q (a + \) 
[b-ltg{t)d q t] 


r M 2 qB q a,P) y ' 
V r,(A-D , 


r M 2 qB q (2,]3) y ~ l 


[ a -\ Q gm q tW q {a) 


v r^- 1 ) y 


r M 2 qB q (2,P) y ~ l 

r, 0 ff-D 


L 2 r 2 . 


\ ' y 

Finally, let W £ dP(l//, vf), that is, MG [0,7]] for fe[0,l]. By means of (H 3 ), we get 


v{s) = (f> q \j o H(s,qz)f(T,u{T))d q T 
>( t>q 


f K „ t's p -'(\-s)qT(\-qTf-' ) J 1 ( 2,/?) V_1 

M iJ 0 - 


V 


r (/?) 


v 


v 


r (/?) 


y 


So we get 


i//(Tu) = max |7 m(?)| = 7m (0) = <7 (l 


/6[0,1] 


1 


[a- (a)' 


L g ^L~ ^) (a ~ h v{s)d q sd q t 
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> 


[a-^g{t)d q t]T q {a-\) 
[b-j o tg(t)d q t] 


£(1-<7 s ) ( “ 2) v(s)d q s 


[a-^g{t)d q t]T q {a-\) 

[b-\ o tg{t)d q t] 

[a-J o g(0^/]r ? («-l) 


£(1-<7 s ) ( “ 2) v{s)d q s 




(a- 2 ) 


r (/?) 


d q s 


[b-\ Q tg(t)d q t\ 


[a-^g(t)d q t]T q (a) 


f M iq B q {2,P) ^ 
v r ,(/» y 




r M iq B q (2,j3) ^ q - 1 
v r ^) y 


A =6- 


Therefore, in view of Theorem 2.1, we see that the problem (1.1) has at least two positive solutions l/j and m, 
such that 7 ] <(//(/.<,) with <y(u,) < r 2 and r, < co(u 2 ) with (p{u 2 )<r 3 . □ 


VI. EXAMPLE 

In this section, we give a simple example to explain the main result. 

Example 5.1 For the problem (1.1), let a = 2.8, /? = 2.3, a = 4, b = 10, p = 2, g(t) =t, then we get q — 2, 

\]s(f)d q t=K J \g(t)d q t = \. 


k = 


2 Jo 3 

- [a - £ g(t)d q t] 37 


h -\\g{t)d q 


Let 


23, 


f(t,u) = < 23 + 600(w-9), 

623, 

From a direct calculation, we get 

f(t,u) >M 3 -583.266938 for 
f(t,u)<M 2 ~ 36.538326 for 
f(t,u)>M l ~ 21.322041 for 


= —* 0.637931. 
58 


t G [0,1], U G [0,9], 
f G [0,1], M G [9,10], 
t G [0,1], U G [10, +co). 

580 

fG [0,1], MG [10,—], 

f g[0,1],m g [0,9], 

? g [0,1], u g [0,0.5]. 


In view of Theorem 4.1, we see that the aforementioned problem has at least two positive solutions U ] and u 1 


such that 0.5<(y(M,) with co(uf) <9 and 9 <CO{u n ) with ^?(w 2 )<10. 
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